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In this paper, we analytically study the phase structure and construct the Ruppeiner geometry in
the extended phase space for the five-dimensional neutral Gauss-Bonnet AdS black hole. Through
calculating the scalar curvature of the Ruppeiner geometry and combining the phase transition, we
show that the attractive interaction is dominant in the microstructure of the black hole system.
More significantly, there is an intriguing property that the normalized scalar curvature has the
same expression for the saturated small and large black hole curves. This implies that although
the microstructure is different before and after the small-large black hole phase transition, the
interaction between the microscopic constituents keeps unchanged. These results are quite valuable
on further understanding the microstructure of the AdS black hole in modified gravity.
PACS numbers: 04.70.Dy, 05.70.Ce, 04.50.Kd
I. INTRODUCTION
The study of black hole thermodynamics and phase transition has been one of the increasingly active areas among
the last couple of decades. In particular, black hole chemistry attracts much more attention. The cosmological
constant was treated as a thermodynamic pressure and its conjugate quantity as volume in the extended phase
space [1]. Rich phase transitions and phase structures were observed, for examples, the small-large black hole phase
transition, reentrant phase transition, triple point, λ-line phase transition [2–16], for a recent review, see Refs. [17, 18].
It is extensively shown that the small-large black hole phase transition is extremely similar to the liquid-gas phase
transition of Van der Waals (VdW) fluids. As we know, VdW fluids consist of micromolecules with finite size and
interaction between them. Therefore, a natural question is what is the microstructure of the black holes. In order to
examine it, we proposed that an AdS black hole is also constructed by some unknown micromolecules [19]. Combining
with the black hole phase transition, we studied the properties of the black hole microstructures. It was also shown that
the interaction between these micromolecules can be tested by the Ruppeiner geometry. This meaningful approach
has been generalized to other black holes in AdS space [20–31].
Recently, we further investigated this issue [32, 33]. When taking the temperature and volume as the fluctuation
coordinates, a universal Ruppeiner metric was worked out and the corresponding scalar curvature was calculated. For a
VdW fluid, the scalar curvature indicates that the attractive interactions dominate amongst the fluid microstructures.
While for the charged AdS black hole, we found that the Ruppeiner geometry will become problematic due to the
vanishing heat capacity. In order to cure this problem, we introduced a new quantity, the normalized scalar curvature,
for the charged AdS black hole [32]. Employing this new scalar curvature, we observed that the repulsive interaction
can exist for the small black hole of high temperature. This novel property shows that, even they share the similar
phase transition and critical phenomena, there still exists a large difference between the microstructures of a black
hole and VdW fluid. This property was also observed for the higher-dimensional charged AdS black holes [33].
Furthermore, we also examined the critical phenomena of the normalized scalar curvature [33]. At the critical
point, the normalized scalar curvature RN goes to negative infinity, which indicates that the correlation length tends
to infinity. It was also found that the normalized scalar curvature has a universal exponent 1/2. Another universal
dimensionless parameter is RN (1 − T˜ )2, where T˜ is the reduced temperature. For the VdW fluid, numerical result
shows that it is −1/8 near the critical point. For the four-dimensional charged AdS black hole, the analytical result
confirms this constant. While for higher-dimensional charged AdS black holes, the values are more negative than
−1/8. These results cast new light on understanding the black hole microstructures.
Since the analytical results can give us the exact information of the black hole microstructures, we would like to
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2further study them. As we know, the coexistence curve of the five-dimensional neutral Gauss-Bonnet (GB) AdS has
an analytical form [34]. This gives us a good chance to exactly investigate it. The result will provide us a possible
way to understand the microstructures of the black hole in this modified gravity.
This work is organized as follows. In Sec. II, we briefly introduce the Ruppeiner geometry. Thermodynamics and
phase diagrams of the GB-AdS black hole are discussed in Sec. III. Then we apply the geometrical method to the
black hole in Sec. IV. The black hole microstructures are studied in detail. Furthermore, the critical phenomena of
the normalized scalar curvature are investigated. Finally, the conclusions and discussions are given in Sec. V.
II. RUPPEINER GEOMETRY
In this section, we would like to briefly review the Ruppeiner geometry [35].
Let us first consider a thermodynamic system, which contains two parts, one is a small subsystem S, and the other
is its environment E. Thus the total entropy of the system with two independent thermodynamic variables x0 and x1
can be written as
S(x0, x1) = SS(x
0, x1) + SE(x
0, x1), (1)
where we require SS  SE ∼ S. Near the local maximum of the entropy at xµ = xµ0 , the total entropy can be
expanded in the following form
S = S0 +
∂SS
∂xµ
∣∣∣∣
xµ0
∆xµS +
∂SE
∂xµ
∣∣∣∣
xµ0
∆xµE
+
1
2
∂2SS
∂xµ∂xν
∣∣∣∣
xµ0
∆xµS∆x
ν
S +
1
2
∂2SE
∂xµ∂xν
∣∣∣∣
xµ0
∆xµE∆x
ν
E + · · · , (µ, ν = 0, 1), (2)
where S0 is the local maximum of the entropy S(x
µ
0 ). By using the conservation law, we can get
∂SS
∂xµ
∣∣
0
∆xµS +
∂SE
∂xµ
∣∣
0
∆xµE = 0, and then, we arrive
∆S =
1
2
∂2SS
∂xµ∂xν
∣∣∣∣
0
∆xµS∆x
ν
S +
1
2
∂2SE
∂xµ∂xν
∣∣∣∣
0
∆xµE∆x
ν
E + · · · . (3)
Because SE is of the same order as that of the total system, the second term is quite smaller than the first one, and
thus can be ignored. Then, the probability of finding the system in the internals x0 + ∆x0 and x1 + ∆x1 will be of
the following form
P (x0, x1) ∝ e− 12∆l2 , (4)
where
∆l2 = − 1
kB
gµν∆x
µ∆xν , (5)
gµν =
∂2SS
∂xµ∂xν
∣∣∣∣
0
. (6)
According to the thermodynamic information geometry, ∆l2 measures the distance between two neighboring fluctu-
ation states. Different from the Weinhold geometry [36], the thermodynamic potential of the Ruppeiner geometry
is the entropy rather the internal energy of the system. Given the metric (6), we can calculate the scalar curvature
for the geometry following GR approach. Then according to the interpretation that positive (negative) Ruppeiner
scalar curvature indicates the repulsive (attractive) interaction, we are allowed to test the property of the system
microstructures.
In order to calculate the scalar curvature easily and connect it with the phase transition, the geometry can be
transformed to a new expression. Here we take the temperature T and thermodynamic volume V as the fluctuation
coordinates. Actually, one can change the volume V to the number density of the system. However in order to easily
extend it to the black hole system, we adopt the volume V . Then this two-dimensional Ruppeiner geometry has the
following line element
∆l2 = − 1
T
(
∂2F
∂T 2
)
∆T 2 +
1
T
(
∂2F
∂V 2
)
∆V 2. (7)
3Here F = U − TS is the free energy, and it satisfies the differential law dF = −SdT − PdV . With the help of the
heat capacity at constant volume CV = T (∂TS)V , the line element can be further expressed as
∆l2 =
CV
T 2
∆T 2 − (∂V P )T
T
∆V 2. (8)
This diagonalized metric has the following scalar curvature [33]
R =
1
2C2V (∂V P )
2
{
T (∂V P )
[
(∂TCV )(∂V P − T∂T,V P )− (∂V CV )2
]
+ CV
[
(∂V P )
2 − T ((∂V CV )(∂V,V P ) + T (∂T,V P )2)+ 2T (∂V P )((∂V,V CV ) + T (∂T,T,V P ))]}.
(9)
Adopting this formula, one can obtain the scalar curvature for the Ruppeiner geometry. Then the microscopic property
could be revealed from the scalar curvature.
III. THERMODYNAMICS AND PHASE TRANSITION
The action describing a d-dimensional charged GB-AdS black hole is
S =
∫
ddx
√−g
(
1
16piGd
(R− 2Λ + αGBLGB)− Lmatter
)
, (10)
where
LGB = RµνγδRµνγδ − 4RµνRµν +R2, (11)
Lmatter = 4piFµνFµν , (12)
and αGB is the GB coupling constant. The Maxwell field strength is defined as Fµν = ∂µAν − ∂νAµ with Aµ the
vector potential. The metric of the black hole is
ds2 = −f(r)dt2 + f−1(r)dr2 + r2(dθ2 + sin2 θdφ2 + cos2 θdΩ2d−4), (13)
with the metric function given by [37–40]
f(r) = 1 +
r2
2α
(
1−
√
1 +
2α
d− 2
(
32piM
Σd−2rd−1
− 4Q
2
(d− 3)r2d−4 +
4Λ
d− 1
))
, (14)
where α = (d − 3)(d − 4)αGB and Σd−2 is the area of a unit (d − 2)-dimensional sphere. The parameters M and
Q are the black hole mass and charge, respectively. In the extended phase space, the cosmological constant Λ was
interpreted as the thermodynamic pressure [1]
P = − 1
8pi
Λ. (15)
It was shown that the five-dimensional neutral GB-AdS black hole demonstrates a small-large black hole phase
transition. Especially, the coexistence curve of the small and large black holes has an analytical expression, which
allows us to exactly study the thermodynamics and phase transition. Moreover, it also provides us an opportunity to
determine the effect of the GB coupling constant on the black hole thermodynamics. Therefore, in the following, we
will take d=5 and Q=0. Then the metric function (14) will be of the following form
f(r) = 1 +
r2
2α
(
1−
√
1 +
32Mα
3pir4
− 16Ppiα
3
)
. (16)
Solving the above equation, we obtain the black hole mass
M =
pi
8
(4Ppir4h + 3r
2
h + 3α). (17)
4According to Ref. [10], the black hole mass should be treated as the enthalpy H ≡ M . Other thermodynamic
quantities read
T =
8piPr3h + 3rh
6pir2h + 12piα
, S =
pi2rh
2
(r2h + 6α), (18)
A = −pi
8
32piPr4h + 9r
2
h − 6α
r2h + 2α
, V =
pi2r4h
2
, v =
4
3
rh. (19)
Here A is a conjugate quantity to the GB coefficient α. The parameters V and v are, respectively, the thermodynamic
volume and specific volume of the black hole system. It is easy to check that the following first law and Smarr relation
hold
dH = TdS + V dP +Adα, (20)
2H = 3TS − 2PV + 2Aα. (21)
The state equation for this black hole system is
P =
T
v
− 2
3piv2
+
32Tα
9v3
. (22)
Obviously, the state equation closely depends on the GB coupling α. For non-vanishing α, there exists a small-large
black hole phase transition of VdW type. The critical point can be obtained by solving (∂vP )T = (∂v,vP )T = 0,
which gives [34]
Pc =
1
48piα
, Tc =
1
2pi
√
6α
, Vc = 18pi
2α2, vc =
√
32α
3
. (23)
In the reduced parameter space, the state equation can be expressed as
P˜ =
3T˜
v˜
− 3
v˜2
+
T˜
v˜3
, (24)
where the reduced quantities are defined by
P˜ =
P
Pc
, T˜ =
T
Tc
, v˜ =
v
vc
. (25)
It is quite clear that the reduced state equation (24) is independent of the parameter α, which is mainly because that
the neutral GB-AdS black hole is a single-characteristic-parameter system [41]. Moreover, we can express the state
function with the thermodynamic volume
P =
3pi3/2αT
2× (2V )3/4 +
3
√
piT
4× (2V )1/4 −
3
8
√
2V
, (26)
or in the reduced parameter space
P˜ =
T˜
V˜ 3/4
− 3√
V˜
+
3T˜
V˜ 1/4
. (27)
Now, let focus on the spinodal curve first, which satisfies
(∂V˜ P˜ )T˜ = 0. (28)
This curve divides the metastable phase from the unstable phase, and the heat capacity diverges along this curve.
Solving the equation, one can obtain the spinodal curve. Here we show a compact form of the spinodal curve
T˜sp =
2V˜ 1/4
1 +
√
V˜
. (29)
In the reduced parameter space, the analytical coexistence curve is [34]
P˜ =
1
2
(3−
√
9− 8T˜ 2), (30)
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FIG. 1: Phase structures of the five-dimensional neutral GBA-dS black hole. The red solid curves are the coexistence curve of
small and large black holes. The blue dashed curves are the spinodal curves. (a) P˜ -T˜ diagram. (b) T˜ -V˜ diagram.
or
T˜ =
√
P˜ (3− P˜ )
2
. (31)
Interestingly, we obtain the formula of the coexistence curve in the T˜ -V˜ diagram, which reads
T˜ =
3V˜ 1/4(1 +
√
V˜ )
1 + 4
√
V˜ + V˜
. (32)
With these results, we show the phase structures in Fig. 1. From Fig. 1(a), we show three black hole phases, the
small black hole, large black hole, and the supercritical black hole. The red solid curve is the coexistence curve of the
small and large black holes. It starts from the origin, then increases with the temperature, and ends at the critical
point marked with a black dot. Top and bottom blue dashed curves are the spinodal curves for the large and small
black holes, respectively. Note that the small black hole spinodal curve starts at T˜ =
√
3/2. The phase structure is
also shown in the T˜ -V˜ diagram in Fig. 1(b). Two more metastable phases, the superheated small black hole phase
and the supercooled large black hole phase, are clearly presented.
Next, we would like to examine the change of the thermodynamic volume among the black hole phase transition.
After a simple calculation, we obtain the thermodynamic volumes V˜s and V˜l for the small and large black holes in
terms of the phase transition temperature
V˜s =
2T˜ −√6
√
2T˜ 2 − 3 +
√
9− 8T˜ 2
3−
√
9− 8T˜ 2
4 , (33)
V˜l =
2T˜ +√6
√
2T˜ 2 − 3 +
√
9− 8T˜ 2
3−
√
9− 8T˜ 2
4 . (34)
In terms of the phase transition pressure, these volumes can also be expressed as
V˜s =
(
√
3− 3P˜ −
√
3− P˜ )4
4P˜ 2
, (35)
V˜l =
(
√
3− 3P˜ +
√
3− P˜ )4
4P˜ 2
. (36)
Moreover, we find the follow interesting relations
V˜l + V˜s = 14 +
36− 48P˜
P˜ 2
, V˜l ∗ V˜s = 1. (37)
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FIG. 2: Change of the volumes ∆V˜ = V˜l − V˜s as a function of the phase transition temperature and pressure. (a) log10 ∆V˜ vs
T˜ . (b) log10 ∆V˜ vs P˜ .
We describe the change of the thermodynamic volume ∆V˜ = V˜l− V˜s in Fig. 2 as a function of the phase transition
temperature and pressure, respectively. From the figures, we find that with the increase of the temperature or the
pressure, ∆V˜ decreases, and when the critical point is approached, ∆V˜ vanishes. Note that at the critical point,
V˜l = V˜s, and thus log10 ∆V˜ = −∞. We have made a cut-off in the figures at the critical point.
Since the thermodynamic volume has analytical form, we can expand the change of the volume ∆V˜ near the critical
point. The results are
∆V˜ = 8
√
6(1− T˜ ) 12 + 118
√
6(1− T˜ ) 32 +O(1− T˜ ) 52 , (38)
∆V˜ = 4
√
6(1− P˜ ) 12 + 17
√
6(1− P˜ ) 32 +O(1− P˜ ) 52 . (39)
Therefore, at the critical point, ∆V˜ has a universal exponent 12 . Considering the behavior of the ∆V˜ , it can serve as
an order parameter to describe the small-large black hole phase transition.
IV. RUPPEINER GEOMETRY AND SCALAR CURVATURE
In this section, we would like to study the Ruppeiner geometry for the five-dimensional neutral GB-AdS black hole.
Employing the scalar curvature of the geometry, we can examine the microstructures of the black hole.
By using Eqs. (8) and (26), the line element of the Ruppeiner geometry reads
ds2 =
CV
T 2
dT 2 +
3
(
6pi3/2Tα+
√
2piV T − (2V )1/4
)
16× 23/4V 7/4T dV
2. (40)
For this neutral GB-AdS black hole, the heat capacity at fixed volume and GB coefficient vanishes. Therefore, we
would like to adopt the normalized scalar curvature RN = CV ∗ R defined in [32]. After a simple calculation, the
normalized scalar curvature is
RN =
21/4
√
V − 2√2piTV 3/4 − 12pi3/2αTV 1/4
23/4
(
6pi3/2αT +
√
2piV T − (2V )1/4
) . (41)
Obviously, R closely depends on the coupling constant α. In the reduced parameter space, it is
RN =
2V˜ 1/4
(
V˜ 1/4 − T˜
(
1 +
√
V˜
))
(
T˜ − 2V˜ 1/4 + T˜
√
V˜
)2 . (42)
Similar to the charged AdS black hole [33], this normalized scalar curvature RN is independent of α. We show the
behavior of RN in Fig. 3 for T˜=0.4, 0.8, 0.9, and 1.0. When T˜=0.4, 0.8 and 0.9, we observe two negative divergent
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FIG. 3: Behavior of the normalized scalar curvature RN as a function of the reduced volume V˜ . (a) T˜=0.4. (b) T˜=0.8. (c)
T˜=0.9. (d) T˜=1.0.
points. And these two points get closer with the increase of T˜ . At the critical temperature T˜=1.0, these two divergent
points coincide with each other at V˜=1. More importantly, for T˜=0.4, we observe a positive RN near the region
V˜ ∈ (0.06, 16), which, according to the interpretation of the Ruppeiner geometry, implies a repulsive interaction
among the microstructure of the black hole system.
From the expression of normalized scalar curvature (42), we find that RN exactly diverges at the spinodal curve.
Moreover, solving RN = 0, we can obtain the sign-changing curve, which is
T˜0 =
T˜sp
2
=
V˜ 1/4
1 +
√
V˜
. (43)
Therefore, the temperature T0 is half of that of the spinodal curve, which is similar to the charged AdS black hole
[33].
In Fig. 4, we list the coexistence curve (red solid line), spinodal curve (blue dashed line), and the sign-changing curve
(black dot dashed line) in the T˜ -V˜ diagram. The region marked in light purple color below the sign-changing curve
has positive RN, while the region above it has negative RN. It is clear that the spinodal curve and the sign-changing
curve are both under the coexistence curve. Consider that the state equation (27) does not hold in the coexistence
region of small and large black holes, the region of positive RN will be excluded, and thus for the five-dimensional
neutral GB-AdS black hole system, RN is always negative, which implies that only attractive interaction exists among
the microstructures. This property is quite different from that of the charged AdS black hole shown in Refs. [32, 33],
where there can exist a repulsive interaction for the small black holes. So not all the black hole systems allow the
existence of the repulsive interaction.
Next, we would like to examine the behavior of RN along the coexistence curve and near the critical point.
With the help of (33) and (34), we express RN along the saturated small and large black hole curves. The result
strongly suggests that the normalized scalar curvature RN along these two curves shares the same expression, which
is
RN =
6T˜ 2 − (3− 2T˜ 2)
√
9− 8T˜ 2 − 7
4
(
1− T˜ 2
)2 . (44)
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FIG. 4: Behaviors of the coexistence curve (red solid line), spinodal curve (blue dashed line), and sign-changing curve (black
dot dashed line) in the T˜ -V˜ diagram. The region marked in light purple color has positive RN, otherwise, it has negative RN.
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FIG. 5: Behavior of RN along the coexistence curve of the small and large black holes.
This result is novel, and indicates that the interaction among the microstructures is the same before and after the
phase transition. However the microstructure does change. Therefore, it gives us the first example that the black
hole microscopic interaction does not change during the phase transition. Moreover, the numerator of RN is negative
for T˜ ∈ (0, 1), which leads to a negative RN. We also plot it in Fig. 5. From it, we observe a negative RN. With the
increase of T˜ , RN decreases and diverges at the critical temperature.
Near the critical point, we expand RN as
RN = −1
8
(1− T˜ )−2 − 13
8
(1− T˜ )−1 − 27
32
+O(1− T˜ ). (45)
This implies that RN has a universal exponent 2 near the critical point. Moreover, ignoring the high orders, we obtain
the following relation
RN(1− T˜ )2 = −1
8
, (46)
which is the same constant as the VdW fluid and four-dimensional charged AdS black hole, while it is different from
that of the higher-dimensional charged AdS black holes [33].
V. CONCLUSIONS AND DISCUSSIONS
In this paper, we analytically studied the thermodynamic phase transition and Ruppeiner geometry for the five-
dimensional neutral GB-AdS black hole. Combining with the phase transition, we understood the microscopic proper-
ties of the black hole by analyzing the behavior of the scalar curvature of the Ruppeiner geometry along the coexistence
curve and near the critical point.
9By using analytical form of the coexistence curve of the small and large black holes, we showed the phase structure
of the black hole in the P˜ -T˜ and T˜ -V˜ diagrams, respectively. Especially, in the T˜ -V˜ diagram, two metastable black
hole phases, the superheated small black hole phase and supercooled large black hole phase, were displayed. The
spinodal curves of the small and large black holes were also shown in the phase diagrams, along which the heat
capacity diverges. We also obtained the thermodynamic volumes along the saturated small and large black holes.
Their change ∆V˜ decreases with the phase transition temperature or pressure, and vanishes at the critical point. The
result also shows that ∆V˜ has a universal exponent 12 at the critical point. Therefore, ∆V˜ can serve as an order
parameter to describe the small-large black hole phase transition.
saturated SBH/liquid saturated LBH/gas critical point critical exponent RN(1− T˜ )2
VdW fluid negative negative negative divergence 2 - 1
8
[33]
d = 4 charged AdS BH negative & positive negative negative divergence 2 - 1
8
[32]
d ≥ 5 charged AdS BH negative & positive negative negative divergence 2 <- 1
8
[33]
d = 5 neutral GB-AdS BH negative negative negative divergence 2 - 1
8
TABLE I: Properties of the normalized scalar curvature RN along the saturated small black hole (liquid) and large black hole
(gas) curves, and near the critical point for the VdW fluid, d-dimensional charged AdS black hole, and five-dimensional neutral
GB-AdS black hole.
Then we constructed the Ruppeiner geometry and calculated the scalar curvature. Following Ref. [32], we adopted
the normalized scalar curvature RN to test the microstructure of the five-dimensional neutral GB-AdS black hole.
In order to give a clear comparison of the properties of RN for the VdW fluid, charged AdS black hole, and five-
dimensional neutral GB-AdS black hole, we summarize the results in Table I. From the table, we find some results
of RN for the five-dimensional neutral GB-AdS BH: i) RN is negative, which indicates attractive interaction of the
microstructure of the thermodynamic systems. ii) At the critical point, RN goes to negative infinity. iii) RN has
a critical exponent 2 and RN(1 − T˜ )2 = − 18 . One more intriguing property we observed for the neutral GB-AdS
black hole is that, the normalized scalar curvature RN shares the same form for both the saturated small and large
black holes. As we know, when the black hole system crosses the first order phase transition, its microstructures will
experience a significant change. However, from the result of the normalized scalar curvature RN , these two different
black hole systems with different microstructures have the same interaction. This reveals a particular interesting
nature for the AdS black hole in GB gravity.
In summary, we analytically investigated the property of the microstructure for the neutral AdS black hole in GB
gravity, by combining with the thermodynamic phase transition and Ruppeiner geometry. The results show that the
attractive interaction is dominant for the black hole system. Of particular interest is that during the small-large black
hole phase transition, the scalar curvature implies that the interaction keeps unchanged while the microstructure of
the black hole system does change. This is an interesting and important result for the black hole in the GB gravity.
Our study is also worthwhile generalizing to charged and higher-dimensional AdS black hole in GB gravity. However,
there may be no analytic result, and one needs to use the numerical calculation. Nevertheless, these will strengthen
our knowledge on the black hole microstructures.
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